U, = R}Edsqi"” +3; 2 dngl? + P (16)
1

S

The remainder of the procedure is as above for consistent grids, except that, in calcu-
lating the temperature in the subregion, the heat fluxes at the rod boundaries are determined
by interpolation with respect to their values at the node points.

Note that this method may be extended without difficulty to systems containing three-
dimensional subregions.
NOTATION

T, U, temperature; 6, temperature at the boundary between subregions; q, heat flux; t,
time; Xy, coordinate; B, dimensionality of subregion; cp, volume specific heat; A, thermal
conductivity.
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METHOD OF DETERMINING THE THERMOPHYSICAL PROPERTIES
OF ORTHOTROPIC MATERIALS FROM THE SOLUTION CF A TWO-
DIMENSIONAL INVERSE HEAT-CONDUCTION PROBLEM

A. M. Mikhalev and S. V. Reznik UDC 536.2.08

An unsteady two-dimensional inverse coefficient problem of heat conduction is
formulated mathematically and solved.

Recent years have seen the active development of methods of determining the thermophysi-
cal properties (TPC) of materials which make use of empirical data obtained from the unsteady
heating of specimens [1-3]. The theoretical foundation of these methods are mathematical
formulations of unsteady inverse coefficient problems of heat transfer, which are usually in-
verse heat-conduction problems (ICP). The overwhelming majority of ICP mathematical formu-
lations are based on the assumption that heat transfer is unidimensional — an assumption
which is keeping investigators from making thermophysical studies more informative and appli-
cable to a broader range of temperatures. This is particularly true in regard to comprehen-
sive study of the TPC of anisotropic materials, the use of concentrated energy flows for
heating materials, and study of TPC directly on objects of complex structure and shape. The
practical resolution of these issues — which will mark a new step in the methodology of ther-
mophiysical studies — should begin with the mathematical formulation and solution of unsteady
multidimensional ICP.

We will examine the mathematical formulation and solution algorithm of a two-dimensional
nonlinear coefficient ICP. Let the object in thermal tests be a flat rectangular specimen
made of a homogenheous orthotropic material in which the principal axes of the thermal conduc-
tivity tensor coincide with the coordinate axes x; and x,. The TPC of the material — the
volumetri¢ heat capacity ep and the thermal conductivities XAy;, Ay, — are dependent on tem-
peratutre. The initial temperature of the specimen and the heat-transfer conditions on its
faces are known. During heating (cooling), temperature is measured at several points of the

' Tranélaﬁed from inzhenerno-Fizicheskii Zhurnal, Vol. 56, No. 3, pp. 483-491, March,
1989. Original article submitted April 18, 1988.
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specimen. It is assumed that the temperature dependence of the volumetric heat capacity
cp(T) is known. We need to determine the temperature dependences of thermal conductivity
Mxa (), Ag (T).

The above physical model of heat transfer corresponds to the following system of equa-

tions:
oT 0 6T>
ne_ % TN+ L m = (1)
M5 =5 ( ! )6x1)+6x2 ( D
' T=0 T=T,; (2)
: oT
0=0 —rda(T) o= =(u—=DT+eu(l, 7 x) (3)
1
oT
Xy =1 rphy (T) == = (rs— D T + 955 (T, 7, £); (4)
0%,
. oT
X2 =0 —ryhy, (T) P =t — DT + 00 (T, 7, %y); (5)
2
oT
=l ryhs (1) o= = (ra— )T + o (T, % &) (6).
r=90 or 1.

With boundary conditions of the first type, (T, t, %) = Ty(t, x). When the boundary condi-
tions of the second and third types are used, 9 (T, 1, x) = A(Ty)qyu(t, x) + e(Tw)oTW (t, x) —
Cx-f(Tw(T, ) - Tf)

The inverse problem of determining Ay, (T) and AXZ(T) from experimental data on the ther-
mal state of the specimen and assigned heat-transfer conditions will be solved in an extremal

formulation [4]. We construct a computing algorithm for determining A4 (T) and AX (T) that
ensures the minimum of the functional

Te M
{ (T (m, 1) =T, (m, v)?dr. (7)
s

m==

Equations (1)-(6), together with (7), constitute the mathematical formulation of the ICP.

We represent the sought relations Axl(T) and Ax,(T) in parametric form:

Axa(T): {}"ockr k= ﬁ}, = 13 21 (8)

where Ayp are values of thermal conductivity corresponding to the temperature Ty, k = 1, K.
Thermal conductivity changes according to a linear law between nodal values. The number of
sought parameters should not exceed the number of independent temperature measurements. The
number of parameters K is usually designated in accordance with the presumed form of the
temperature dependence of the TPC.

As a result of representation (8), we have a problem of parametric identification in a
space of 2K parameters. The use of the methods of iterative regularization is effective in
solving ill-conditioned problems [4]. In this case, the process of minimizing functional
(7) consists of a series of successive iterations. In each iteration, a gradient method
[5] is used to determine the search direction, and the minimum is found in the given direc-

T M

tion. One criterion for terminating the iteration is the condition S < §2, where 6L=S:267@dn
0 m==1

8T is the temperature measurement error,

We numerically solve problem (1)-(6) to calculate the functional (7) [determine the
quantity T(m, 1) in the functional]. Here, we introduce a difference grid:

a space grid on the interval [0, %]:
e (= (=) Ar, Ag>0, (=1, Ny Ag®,~ 1)=1I}
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a space grid on the interval [0, h]:
O ={xp=(j— 1) Ax;, Ax, >0, i+ L Vo Axg(N;— 1) =h}:
and a time grid on the interval [0, tg]:
0 = {17 == nAt, At >0, n = 0, Ny ATV, = 1,}.

We designate T0 = T(xy, ™) c = c(xy, ™); AR = A(xy, ™), @ =1, 2. Using a locally uni-
dimensional scheme (6], we obtain the following for the first time half-step:

H
R Lo d n4 —
) noi N = ) 14— ) _ . \ 2 NN A v -
=@ T, P =T, )y —emn! (T, F —T1)2An =@y — DT, ° 47 VA% (9)
1 . 1 1 1

nt — ] nt —m nd — nt == nt == (10)

-1 2 7 VAT — gnl 2 2 ; 2 .

i Ty " —Tipde =3 (T, =T, 75 —aif)

1 1 1

nt == nt o -
T T, T )—epriT, TN,,)/zAr)—(<rm~—1)TN, + @i ydx, (1)

fl"J(a:_l ,( Niij No— Myl i

where 1 oprtl

TR R T = Iy ]

n+1 .
(}X. i /+’g?z+1 i

n-—1 __
all. =

For the second time half-step i = T, N;:

— o O (TFS — TTH) — cpnit (717! — rj_*,";‘)/am) = ((rari— D TER + ¢4 yAx,; (12)
ot (T — TJ: ]T)/At b (Tt — Tfj. )— OrEL (TR — T, (13)
Too,s (U3, (TiN, — 1, 1) — cor) (T{’ N, — T )/AT) ({(ree,: — V) TEN, + @55 1)/Ax, (14)
where
bt ! ifi’ff i e

A y? n ns
Axi? 7‘x, i + Ax,‘i,/'-;-l

System (9)-(14) is solved in each half-step by the trial run method,

We use the Davidson—Fletcher—Powell method [5] to determine the search direction for
each new iteration. The values of the gradients of the functional 3S/8A,y, 3S/3XAk, k =
T, K needed for this method are calculated from the soclution of the problem conjugate with
(9) -(14) constructed on the basis of the recommendations in [1, 7]. The solution of the
conjugate problem in regard to specific specimen heat-transfer conditions is one of the
most important and most complex elements of the algorithm for the solution of the inverse
heat-conduction problem. 1In our case, the calculation of 2K gradients in each iteration
requires only one solution of the conjugate problem. The computing time necessary here is
comparable to the time needed to solve direct heat-conduction problem (9)-(24).

The solution of the conjugate problem of (9)-(14) is constructed as follows. The ini-
tial value of the grid funetion of the conjugate equation is assigned with Te = ATN3
Yi JN3+1 =0, i =1, N;;3 j =1, N,. Calculations are performed in the "reverse" direction
from T = Te to T = 0 For the first time half-step, the calculations are performed along

the axis j = I, N,: 1 .

FT T Qa1 oo AT (g — DAY = n (Al
| (15)
+ v Cp,ll,j'/AT) + 0S/0T j;

1
vy, 7 =y 0 @ et AD (16)

t
vy, T ap = g con /AT — 0S/OT s

2.j
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1
n— 1 n

2 L
VoS @yt ey el ol AT+

e Lo , [ — (17)
+ V;J-rl "; ap ; = — v:.‘yj.cp;?,j/Ar——- aS/oT;;, (=3, Ny—2;
1 1
n— —7— Ao e
‘YN.—QZ,]' ax’,———.‘!,;’ - ‘VN,—IZJ (a;:/x_l Wi + a’;vl_.g'i + cPN;—-l -f/AT) +
ek (18)
-+ QVN,,,'Q I1,j (%1—1 = ‘Y;\lll—l y (:p’[f/l_1 ,j/AT —0S/0T N -1}
1
YN“]‘Q (rlz,j (anvl_l L -+ CpnNh]./AT) - (r12.]' - 1)/A)C1) = (19)
1
= 1103 W ? @y + Vi, CORHYAT) + 0S/0T w,, 4
For the second time half-step i = I, Ni:
1
Vi (ra (267 + pF (AT) F (g, — DAXS) = 1y (V751 07 - Vi oo /AT (20)
—1 . e f— fmm N
PV o V= VIR O 0, o0 AT v b, — T (21)
1
—1 ¥ 1 7 — . —
L= b;,j—l__vi,]'l (b’},i + b,-,,-_] + cp7 JAT) Vi b'l?’j = _y';’]. 2epr JAT, =3, N,—2; (22)
]
T N2 O e — VR 07 % wo—a 07y AT VIO = — Y:ZTVE cpf o AT (23)
1

?,—A}z (r22,i (Qb’zz, Ny—1 + Cp?,NzlAT) - (r‘zz,i - 1) Axl) = Ta,i (Y?:\/lz_l b?,N-_.—l + Y?,sz ‘cp"_Nz/AT)' (24)

After each whole time step, the computed values of Yi,jn are used to determine the gradients
of the functional (7) relative to the values of thermal conductivity Ay  j ;" and Axy,i, 3"
at each node of the difference grid.

Along the axis x;, j = 1, N,:

O[O, 1.= ¢, ; @V — ) (T3, —Th ) (25)
S/on" . v TN T T ) o (yrl — =l n noN (26)
0S/0hy, 2, =d1 ;(2vi; —ve_) (T2 ; i) 2.0 Wy — Ve ) (T3, — T35, ;%
0S/OMg, 1,5 =di 1 ; WIZ1,; — Vi) (T, —Th ) + a7
n— fm . ————— 27
T L — V) (T =T ), i=3, N —3
08100z, w1, = divya,; (Whiie, 1 — Vit ) (THmt j— Th—e ) -+
, (28)
Ty OV = T ) (TR — T ) (29)
08/0Nz,  wy.i = vyt (2¥0r; — YNt )) (Tt i — T i)
where
o 2(hM, )2
Cl,] - n n 3
Ay, i1, A )2
d; ;= 2000, 0)?
oy ir,+ Ao, )2
Along the axis x,, 1 = 1, N;:

00K, 1,1 = €0y (2T — I3 (TEa — T2 ) (30)
aSI0Ng, 12 = Fi 1 (¥ —VER) (TFs —T71) e (0 — S (The— Y (31)
0S/0My, 1, = fim1,; fY?TjLI — Vi T —T7 =)+ _ : (32)

e (W — ¥ T —Th ), =38, Np— 9,
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an ] e | —1 ,
0S/0hz i, N1 = [i Ny—2 (Vg—2 — ViNeet) (TP Nt — T o) +

n—1 71— | n o) (33)
+e N (N, — Vi) T g —T7 8
08/0hzy i, 00y = fi, 01 (VT W, — VT Wpm1) (T ey — T8 ), (34)
where
o o 205 )
2y - n ~n '
(’~x,. gl T Ry, .-',;')2
fii= 2(7"4‘,'12-"-/')2

an n
(R i it T Ay i, )

We can change over from the calculated values of the gradients for the node i, j to gradients
relative to the parameters of the sought relations Agg:
Ni. N. N

aS:"Ol.ak B 2 2 : (aS.’rd}":’,l,i,]') (0}':31: R j,’a}\ah)y

(o1 jo 1l n=1
a1, 2, k=1, K,
where as/aqu,i,jn, a =1, 2, are calculated by means of Egqs. (25)-(34).

(35)

The quantity 9A¢ D/3Xyy, @ = 1, 2, is the ratio of the increment of thermal conductiv-
ity at the node i, j of the difference grid to the increment of the k-th parameter approxi-
mating the temperature dependence of thermal conductivity (8). 1In the case of a linear
change in Ay, between the nodal values Ay, o = 1, 2, the quantity axe,i,j/axak is deter-
mined from the conditions

03 T’: i<Tk—l;

*——Ti'i _——,Tk" o Tea <T} ;< Tws
a}v;' . F)c —17 k-1
& it )
0;\’2’1 Tk-"'l — T” /

P ool ST , T <T:‘<TT.
Tpey —Ty " : "

0, T?,;>Trie

The sought parameters A,y are calculated from the formula
Ao' = Ma+9,Q a=1,2 k=T, K. (36)

Let us briefly review the main steps in the solution of the ICP. We use the assigned
initial temperature dependence of thermal conductivity from the solution of problem (9)-(14)
to calculate the temperature field in the specimen during heating. We simultaneously calcu-
late the functional (7). We use the solution of problem (15)-(27) to calculate the conju-
gate variable vj ;M in each step at each node of the difference grid. Using the values of
Yi,j" and Egs. %ig)-(34) and (35), we find the values of the gradients of the functional
relative to the sought parameters of the temperature dependence of thermal conductivity.

The calculated values of the gradients are then used to determine the search direction by
the Davidson—Fletcher—Powell method. Employing cubic interpolation, we find the minimum of
the functional in the given direction. At the point of the minimum, we determine the new
search direction and perform the next iteration of the minimization process. The computing
operation is ended when the functional reaches a previously assigned value.

The correctness of the ICP solution was checked by traditional methods [4]. Taking a
specimen made of a material with known thermophysical properties, we calculated the tempera-
ture field which develops under prescribed heat-transfer conditions. The temperatures at
individual points of the specimen were taken as experimental thermograms, and we used these
temperatures and the solution of the ICP to determine the relations Xxl(TZ and sz(T).

The results of a numerical modeling are presented below. A flat rectangular specimen
(Fig. 1) was "heated" by a radiative heat flow concentrated in the central region. The
maximum heat flux was 1:107 W/m?. The thermophysical properties of the model material cor-
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Fig. 1. Scheme of the numerical experiment: qy = 1-107

W/m?5 qupin = 0-4°107 W/m?; af = 5 W/ (m2-K); T¢ %393 x.

Fig. 2. Theoretical thermograms with local heating of the
specimen: 1-6) numbers of thermocouples (the coordinates of
the thermocouple are shown in Table 1). T, K; t, sec.

TABLE 1. Coordinates of the Thermocouples

No. of | | |
thermo-f1 | 21 3| 4| 51 6| 7 81 9 10
couple | | l !
I H
Xy, mm }0 0 0 ' 0 0 ] 0 [ 45145/ 45|70
xomm |0 06| 1,5]30]36 ' 4,81 0! 15130 ‘ 3,0
I :

responded to graphite VPP [8]. It was assumed that ten temperature sensors were installed
in the specimen (the coordinates of the sensors are shown in Table 1). Heating time 1o =
10 sec. The temperature measurements were made at 15 time points. The temperature field
in the specimen was calculated on a 31 x 31 grid with a time step of 0.5 sec.

In conducting the numerical modeling, calculated values of temperature rounded off to
one digit after the decimal point were taken as experimental values. Thus, the maximum
error of "measurement" of temperature was 0.05 K. Given the number of temperature measure-
ments (10 points, 15 moments of time), this corresponded to the functional S = 0.4 K?. The
computation was stopped when the functional reached this value.

We took the same number of parameters K in the approximation of the temperature depen-
dence of thermal conductivity in the temperature range 250-1500 K for the solution of the
direct and inverse heat-conduction problems. The chosen number of parameters was six.

To check the uniqueness of the ICP solution, thermal conductivity was determined with
two different initial approximations: Ay, = Ag, = 50 W/(m-K) and Ay = A, = 100 W/ (m+K).
The solution of the ICP required 6 h of machine time on an ES-1030 computer. The time of
solution of one direct heat-conduction problem was 4.5 min. The internal memory required
was 152 K for the maximum possible number of nodes on a 60 x 60 space grid and 3 MB of disk
storage to store the time files. The capacity of the program was 800 operators.

Figures 2 and 3 show the theoretical thermograms corresponding to the numerical experi-
ment. It can be seen that the maximum temperature is 1760 K at the central point of the
front surface of the specimen at tg = 10 sec. The results of the solution of the ICP (Fig.
4) indicate that the resulting relations Ay (T) and Ay_(T) correspond very closely to the
relations specified in [8] [the deviation within the témperature range 300-1500 X is no
more than 0.02 W/(m*K) in each casel].

Thus, it has been proven to be possible to comprehensively study heat conduction by
orthotropic materials during unsteady high-temperature heating on the basis of the solution
of an unsteady two-dimensional coefficient ICP. The above-described algorithm can naturally
be extended to axisymmetric bodies. The same principles can be used to construct algorithms
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Fig. 3. Temperature distribution on the front surface of the
specimen for different moments of time: 1) 1 = 1; 2) 55 3)
10 sec. x;, mm.

Fig. 4. Results of solution of the two-dimensional ICP: 1)
prescribed relations Xxl(T), AXZ(T), W/(m+K); 2) initial ap-
proximation; 3) values obtained from the solution of the ICP.

to determine the thermal conductivity and volumetric heat capacity or emissivity of ortho-
tropic materials. To make reliable use of the algorithm in thermophysical studies, it is
necessary to evaluate its boundaries of stability when the initial data contains random and
systematic errors.

NOTATION

AXI(T), X, (T), thermal conductivities of the specimen material along the coordinate
axes x; and x,, respectlvely, cp(T), volumetric heat capacity of the specimen material; T,
temperature; 1, current time; r, coefficient with a value of 0 or 1, depending on the type
of boundary conditions; ¢, parameter equal to the temperature of the boundary surface or
the absorbed heat flux; Ty, temperature of the boundary surface; qy, incident radiant heat
flux; A, €, absorptivity and emissivity of the given boundary surface; of, T¢, heat-transfer
coefficient and temperature of the environment; T,, experimental values of temperature; 1,
time of experiment; S, functional; M, number of points in specimen at which temperature is
measured; Ayk, sought parameters approximating the temperature dependence of thermal conduc-
tivity; K, number of sought parameters; Ty, values of temperature at the nodes of a grid
approximating the temperature dependence of thermal conductivity; 8T, temperature measure-
ment error; Wy, Wh, wy, difference grid; ax,, Ax,, difference steps for the space coordin-
ates; N,, N, number of difference-grid nodes for the coordinates x; and x,; At, time step;
N3, number of time steps; %, length of specimen; h, thickness of specimen; yj 30 network
function of the conjugate equation; p, number of iteration; $,x, element of the vector space;
Q, optimum step size in the chosen direction.
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